Given α > 0 and a domain Ω ⊂ R N , we show that for every finite energy solution u 0 of the equation
Introduction
Let Ω ⊂ R N , N 2, be a bounded domain. A simplified model for the thickness u 0 of a thin film in Ω is given by the equation (see [11] )
where α > 0. In this Note, we are motivated by the following question: what is the Hausdorff dimension of the rupture set [u = 0]? An answer has been recently provided by Dupaigne, Ponce and Porretta [6] ; see Theorem 2.1 below. As a corollary of their result, one immediately deduces the following: Theorem 1.1. Given α > 0, let u ∈ L 1 (Ω), u 0 a.e., be such that u −α ∈ L 1 (Ω). Assume that u satisfies (3) in the sense of distributions, where f ∈ L 1 (Ω). Then,
We denote by H β the Hausdorff measure of dimension β 0. Recall (see [1] ) that every function u ∈ L 1 (Ω) such that u is a finite measure is well-defined outside some set of zero Newtonian (H 1 ) capacity, denoted 'cap'. Assertion (4) then makes sense since for any Borel set E ⊂ Ω with zero capacity we have H N −2+θ (E) = 0, ∀θ > 0.
Under the assumptions of Theorem 1.1, Jiang and Lin [9] proved that the dimension of the rupture set [u = 0] is at most N − 2 + 4 α+2 , which is strictly larger than N − 2 + 2 α+1 . The dimension provided by Theorem 1.1 cannot be improved. Indeed, in [6, Lemma 10] the authors show that for any 0 < θ < 2 α+1 there exists
The assumption "u −α ∈ L 1 (Ω)" in Theorem 1.1 is needed in order to give a meaning to (3) in the sense of distributions. Jiang and Lin [9] and Guo and Wei [8] also considered a different notion of solution of (3). Following [9] , we then say that u is a finite energy solution of (
in the sense of distributions. In [8, 9] , it is proved that if u is a finite energy solution of (3) and α > 1, then
α+1 . This dimension is also strictly larger than the one provided by Theorem 1.1. This raises the question of whether (4) still holds for finite energy solutions. We show that this is indeed the case. In fact, one of our main results is the Theorem 1.2. Let u ∈ H 1 (Ω) ∩ C 0 be such that u 0 a.e. and [u = 0] has zero Lebesgue measure. Assume that u satisfies (5) , where α > 0 and f ∈ L 1 (Ω). Then, (4) holds. Moreover, u −α ∈ L 1 loc (Ω) and
One major difference with respect to the results contained in [8, 9] is that we do not assume that u 1−α ∈ L 1 loc (Ω) but only that [u = 0] has zero Lebesgue measure (see Remark 2 below); we conclude a posteriori that u −α ∈ L 1 loc (Ω). Theorem 1.2 will be derived from the Hausdorff dimension estimates provided in [6] combined with the following 'removable singularity' result:
In other words, u ∈ M loc (Ω) and u 0 in Σ.
Throughout the Note, for every open set
This property makes sense for every function u ∈ H 1 (Ω); see [7] and Section 2 below.
Note that from (7) one can only infer that u ∈ M loc (Ω \ Σ); under the assumptions of Theorem 1.3 we are able to prove that u ∈ M loc (Ω). Similar properties had been investigated by the authors (see [4, 5] ).
Combining results in [6] and [10] , one obtains the following theorem related to problem (3): Simple examples show that the conclusion of Theorem 1.4 is no longer true if one only assumes |u| −α ∈ L 1 (Ω) for some 0 < α < 1.
Proofs of the main results
Let us first recall the following result established in [6, Theorem 12]:
Theorem 1.1 trivially follows from Theorem 2.1 as a special case. It is well-known (see e.g. [7] ) that for every u ∈ H 1 (Ω) its precise representativeũ is quasicontinuous. More precisely, for every ε > 0 there exists an open set ω Ω such that cap (ω) < ε andũ is continuous on Ω \ ω. We shall systematically identify u andũ and say that u is quasicontinuous, meaningũ. Sinceũ is well-defined outside some set of zero capacity, the value of u(x) (i.e.ũ(x)) makes sense q.e.
Proof of Theorem 1.3. Replacing Ω by an open set Ω
Ω if necessary we may assume that ν ∈ M(Ω). Moreover, we can always suppose that u is defined in R N and u ∈ H 1 (R N ).
Fix δ > 0 and an open set D Ω. Given ρ ∈ C ∞ 0 (B 1 ), consider ρ n (x) = n N ρ(nx), ∀x ∈ R N , and u n = ρ n * u. In particular, since u n (x) → u(x) q.e. in Ω and u = 0 q.e. on Σ , we have cap (K n ) → 0 as n → ∞, where K n = [u n δ 2 ] ∩ D ∩ Σ. Let ζ n ∈ C ∞ 0 (Ω) be such that 0 ζ n 1 in Ω, ζ n = 1 on a neighborhood of K n , Ω |∇ζ n | 2 2 cap (K n ).
In particular, ζ n → 0 in
We thus have
where S δ : R → R is the function given by
Note that, by (7), we have u ∈ M loc (Ω \ Σ). Moreover, u ∈ H 1 (Ω) implies that u does not charge sets of zero capacity. In other words, ( u) d = u in Ω (the subscript "d" denotes the diffuse part of the measure with respect to capacity; see [2] for details). It then follows from (7) that
We now estimate I -IV separately. Note that
We now observe that ζ n → 0 in H 1 0 (Ω) and (S δ (u n )) n 1 is bounded in H 1 (Ω); thus,
By (10), we have S δ (u n )(1 − ζ n )ϕ ∈ C ∞ 0 (Ω \ Σ). Using (11),
Since S δ (u n )(1 − ζ n )ϕ → S δ (u)ϕ in H 1 (Ω) and ν d is a diffuse measure, we then get
Combining (12)-(16), we conclude that
Therefore,
Note that 0 S δ (u) 1 in Ω and S δ (u) → χ [u>0] q.e.; moreover, ∇u = 0 a.e. on the set [u = 0]. As we let δ → 0 in (17), it follows from dominated convergence that
This inequality holds for every ϕ ∈ C ∞ 0 (D), ϕ 0 in Ω, and every open set D Ω. Hence, u ∈ M loc (Ω) and u χ [u>0] ν d in Ω. In particular, since u = 0 q.e. on Σ and ν d is a diffuse measure,
On the other hand, by (7) we also have
Combining (18) 
Let us denote by ( u) a and ( u) s the absolutely continuous and the singular parts of u with respect to the Lebesgue measure, respectively. Since Σ has zero Lebesgue measure, by (5) 1
On the other hand, by (20) we also have
Since ( u) a ∈ L 1 loc (Ω) and f ∈ L 1 (Ω), we deduce from (21) that u −α ∈ L 1 loc (Ω). Combining (21)-(22), we then get Moreover, by standard elliptic regularity theory, u ∈ W 1,1 loc (Ω). Applying Theorem 2.2, we conclude that u 0 a.e. or u 0 a.e. 2
